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Flows driven by a precessing container
J. Léorat ‘04

What is the maximal speed 
which may be driven in a 
closed container of given size, 
using a given mechanical 
power?

Motivation:
experimental fluid 
dynamos



Flows driven by a precessing container
J. Léorat ‘04

ATER =
Agitateur pour la 
Turbulence en 
Rotation



A line of local pressure 
minimum (Theory)

Adachi ‘04



Basic Flow

Question: Influence of simple shear upon Kelvin waves?



Expand infinitesimal disturbance in
We seek the disturbance velocity    
in a power series of      to first order 

the linearized Euler equations

with wavenumber     and frequency      being



Example of a Kelvin wave m=4



Dispersion relation of Kelvin waves

m=0 (solid lines) and m=1 (dashed lines)



Equations for disturbance of

Disturbance field for the m, m+1 waves
Pose to 

Then at



Solution of disturbance of
For the m wave, we find, from the Euler equations,

where

(radial wave numbers)

Disturbance field        is explicitely written out!



Solvability condition and growth rate
The boundary conditions of 

where, for example,

The solvability condition leads to 



Growth rate of resonance of  (m=0, 1)

Instability occurs at every
intersection points between 
an upgoing  curve of m=0 

and 
a downgoing  curve of m=1.

Instability NEVER occurs at 
intersection points between 
upgoing  curves and between 
downgoing  curves.   Why?



Most unstable mode

Disturbance velocity field
at the section of z=0

The line of local pressure minimum

Léorat  ‘04

eigen-function



Short-wavelength asymptotics

Large      with m fixed, along the principal mode 



Effect of viscosity

Assume

Kelvin wave

The most unstable mode
(m-1,m) for given 



Why stable and why unstable?

Instability NEVER occurs at 
intersection points between 
upgoing  curves and between 
downgoing  curves.   Why?



Krein’s theory of Hamiltonian spectra
Spectra of a finte-dimensional Hamilton system



Energy of a Kelvin wave

(averaged)
Excess energy
for generating 
a Kelvin wave

base flow disturbance

Kelvin wave stationary component ???
(no strain)



Carins’ formula (Carins ‘79)

Fukumoto ‘03

Where is the  boundary?



Difficulty in Eulerian treatment

∗ ∗

∗

Excess energy

base flow disturbance

Complicated calculation would be required for
∗
∗



Steady Euler flows

iso-vortical sheets

Kinematically accessible variation
(= preservation of circulation)

Theorem (Kelvin, Arnold ’66) A steady Euler flow is a 
coditional extremum of  energy H on an iso-vortical sheet
(= w.r.t. kinematically accessible variations).



Variational principle for stationary vortical region

☆ Volume preserving displacement of fluid particles:

☆ Iso-vorticity:

Then. using



First and second variations
The first variation

Given          which satisfies 

Then is a solution of

The second variation
Further, given         which satisfies 

Then is a solution of

(       : projection operator )



Wave energy in terms of iso-vortical disturbance

Excess energy

by Arnold’s theorem

It is proved that
and that

is the wave-energy

does not contribute to

are linear disturbances!!



Energy formula

Euler equations

Kinetic energy



Energy of Kelvin waves
Lagrangian dispalcement

The wave energy per unit length in z is

wave action, dispersion relation



Energy of Kelvin waves
Helical wave (m=1)

Buldge wave (m=0)

The sign of wave action
is essential !



Derivation of Energy formula

Laplace transform

dispersion relation

Action



Drift current
Take the average over a long time

For the Rankine vortex

Substitute the Kelvin wave 

• There is no contribution from
• For 2D wave, genuinly 3D effect !!



Drift current caused by Kelvin waves
Displacement vector of m wave

Flow-flux, of m wave, in the axial direction



Axial flow-flux of 
buldge wave  (m=0), elliptic wave  (m=2)

m=0 (dashed lines) and m=2 (solid lines)

Dispersion 
relation

For the principal mode,

• 1.242,                 -1.242
• 3.370,                 -0.2443
• 7.058,                 -0.09046
• 8.882,                 -0.06828
• 12.521,               -0.04564



Axial flow-flux of a helical wave (m=1)

For the principal mode （＝stationary)

• 2.505
• 4.349



Pseudomomentum

projection operator that maps any vector field into solenoidal one.

Let v be an arbitrary vector  field.

For a Kelvin wave,

we may choose

pseudomomentum



Lagrangian description of wave mean-
flow interaction    Andrews & McIntyre ‘78

Assume

Lagrangian mean operator



Lagrangian mean vs Eulerian mean
Lagrangian mean

exact!

Eulerian mean

Stokes correction



Equations of Lagrangian mean field

turbulent modelling:  ＬＥＳ

modelling that respecst topological invariants
use of variational principle:

Euler-Poincare framework



Summary

1. Maharov (‘93) is simplified;       Disturbance field and growth rate are 
written out in terms of the Bessel and modified Bessel functions.

2. Energetics:  Energy of the Kelvin waves is calculated by adapting 
Cairns’ formula (= black box) consistent with Krein’s theory

Linear stability of an circular vortex subjected to Corilolis force, 
confined in a cylinder, to three-dimensional disturbances is calculated.
This is a parametric resonance instability between two Kelvin waves 
caused by a perturbation breaking S^1-symmetry of the circular core.

3. Lagrangian approach: Energy of the Kelvin waves is calculated by 
restricting disturbance to kinematically accessible field

linear perturbation is sufficient to calculate energy, quadratic in amplitude!  
Generation of mean azimutal velocity

4. Axial current:  For the Rankine vortex, 2 nd-order drift current          
includes not only azimuthal but also axial component
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