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Flows driven by a precessing container
J. Léorat ‘04

A

Motivation:

experimental fluid

dynamos / \ | \.

Rc-tqtmn | I'|

What is the maximal speed ."l
which may be driven in a \ / /
closed container of given size,
using a given mechanical ‘
power?

Precession



Flows driven by a precessing container

ATER =
Agitateur pour la
Turbulence en
Rotation

J. Léorat ‘04

ATER experiment : laminar regime

The line of minimal pressure 1s traced here by air bubbles
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A line of local pressure
minimum (Theory)
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Basic Flow

(U-V)U +2%E xU = -VP, -

>
V.U =0,
o . f LN
where E = e, = (cos ¢,sin¢,0)
] :

U=0(), V="Vr)+0(),
W = eWy(r, ¢) + O(e?)

O(€°) rigid-body rotation
Vo=r (r<1)

|
|
|
|
|
i
i
i
|

O(e') simple shear !
|

Wy = —=2rsing (r<1),

— |U = (0, r, —2¢ersin ¢)

Question: Influence of simple shear upon Kelvin waves?




Expand infinitesimal disturbance in €

We seek the disturbance velocity
In a power series of € to first order

Ea

u = (fu,o + euqy + - - .)ei(kz_wﬂ ;
with wavenumber & and frequency & being

k=ko+eki+ -+, w=wp+tew+---.

O(EO) . Kelvin waves

wo = uf™ (1), po = n™ (r)e™? .

——> the linearized Euler equations



=4

Example of a Kelvin wave m

1{koz+mo—wot)

u ox e




Dispersion relation of Kelvin waves O(¢%)
(ugm)(’r =1,¢)=0 =>)

n1(wo — m) 4
m — m ) =k ~— — 1
Jm (11) m(wog — m — Q)J +1(m); 0\/(w0 —m41—j)2

m=0 (solid lines) and m=1 (dashed lines)



Equations for disturbance of O(e')

1{kz—wt). _
’U;lﬁ( ); ul—{ulavljwlapl}
0 0
—iw0u1+% —21}1—1—% = iwjug + 1kguo sin ¢ + 2wg sin ¢,
7/.

Disturbance field for the m, m+1 waves

Poseto O(e°)

uo = ufDem 4 uff)eim e

U = ugl)eimcb 4 ugz)ei(m+1)¢ + ug3)ei(m—1)¢ n ug4)61(m+2)¢




Solution of disturbance of O(e')

For the m wave, we find, from the Euler equations,

(1) — o) ka2 _JRm 4k3w, (1)
P =01 Jm(mr) —ikoCo rIm1(n2r) { ko (wo—m)3m Co 'rdmyr(mr)
(wo —m)(wo —m+2)(wo—m—1)n2 ., ()
Ay + 1) (ma7),
2ko(2wo — 2m — 1)(wo — m + 1) ifCq " (A1 + 1) Jm (127)

where

Al = w?d — (2m—|—1)w0—|—m + m,

4 4
= — 1| k2 2 — — 1| k2
771 l(wo . m)2 ] 0> Uy !(WO —m — 1)2 0

(radial wave numbers)

m=mp Disturbance field U1 is explicitely written out!



Solvability condition and growth rate

The boundary conditions of O(¢') : ugl) — ugz) — ()

My My, ] C(()l)
— ~ ~ — ()
[ Ms1  Mss C[g?)
where, for example,
- [ki(kG + m?) B 2w1(2kE + m(m + wo)) ]
Mu =1 [ ko(m —wp)  (m—wp)?(m—2 —wp)(m+ 2 — wp) Jn+1(12)

The solvability condition MllMgg — M12M21 = Olleads to

Clmas> = (m—2—wp)(m—1—wy)(m — wo)z(m +1-— (.00)2(771 + 2 — wy)
><(m —+ 3 — wO)Al(Bg)z/HGk(Q)(Qm -+ 1 — 2&)0)231];
By = {2k + m(m + wo) H2k: + (m+ 1)(m + 1 + wo)},
By = ki{A; — 1} + m(m + 1){A; + 1}



Growth rate of resonance of (m=0, 1)

O1mazx -

Akl .

*0().877558 0.446491

1.084229
1.193733
1.262679
*1.220198
1.661231
1.934828
2.125199
*2.040796

0.305465
0.233077
0.188693
0.606867
0.460839
0.373670
0.315028
0.598633

0.048711
0.104335
0.053563
0.034115
0.208353
0.495130
0.122560
0.067184
0.274077

0.751784
0.217218
0.126324
0.086682
0.486499
1.033362
0.456422
0.291455
0.864844

growth rate

unstable band width

Instability occurs at every

Intersection points between

an upgoing curve of m=0
and

a downgoing curve of m=1.

Instability NEVER occurs at
Intersection points between
upgoing curves and between

downgoing curves. Why?



Most unstable mode

(ko,wo) ~ (0.877558,0.446491)

The line of local pressure minimum
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ATER experiment : laminar regime

The line of minimal pressure is traced here by air bubbles



Short-wavelength asymptotics

Large ko with m fixed, along the principal mode

O1lmazx

] —

wo & 0.5 for (m,m+1) = (0,1)

5v1o  35(2 1 1
O1lmazr = + ( e ) + 0 7.2 |
167 1672 kg kg

2/5 4 1
Ak = 25, +_+o(_)
! \/§7r ’ T2 ko

515
167

~ 0.385253



Effect of viscosity

Kelvin wave
QOR? . 1,
= - —V
Assume Re=——> O(e™1) = Vg
, \,
of =22 Ao (A4 1)EA+) Yok 24, +1
lmax lmax Re2 (m _ w0)4(m +1— w0)4

Re (m —wp)?(m 4+ 1 —wp)?

5000
4000

}28000

2000

1000

AN

The most unstable mode
(m-1,m) for given (¢, Re)



Why stable and why unstable?

Instability NEVER occurs at
Intersection points between
upgoing curves and between

downgoing curves. Why?




Krein’'s theory of Hamiltonian spectra

Spectra of a finte-dimensional Hamilton system

z(t) oc e
[me [me
Ime y
—a a -l —
Ol _Res O 0 O h__‘ﬂ'i‘f? gﬁﬁ{“f}
ol &
impossible [Krein collision
Imo = wo [mo Reo
!

} m = —1 '

g
.--"'-.-F-d--- i - .-""---f--- I u
O ><“n - -'E:U |:,> (_) — {f:: —— "Ei 0
Tm =1 cos 20

sin 26




Energy of a Kelvin wave

u=U+u;, U =Vyey

/ N\
base flow disturbance
L 212 2

(averaged) w2dV — = | U?dV
Excess energy 2

for generating -

a Kelvin wave /U adV ‘|‘ > u dV

~ - o=

(no strain) /

Kelvin wave  stationary component ???



Carins’ formula (Carins ‘79)

Boundary (0, z,t) = 1+ AU cos(mb + koz — wot) .

Boundary pressure p. = ply—y—, p> = plr=y+:
p~ = D~ [.I.:{],o_:{]]_;i["]m ) cos(mf + kpz — wot), pe = De(ko, ;u‘-:,J_ilE]”“ cos(mf + kpz — wot).

— dispersion relation : D{ky,wo) :== D~ (ko,wp) — Do (ko,wp) =0
1 oD
: E = ——nwy—A>
Fukumoto ‘03 2™ Do

Where Is the boundary?



Difficulty in Eulerian treatment

’U,:U—Fﬂ,, ’&,:CV’&,Ol—l—Ckz’&,()Q

/ \
base flow disturbance
1 5 1 ,
Excess energy 5 u“dV — 5 U4V
= aoH + 04252]—1;

1
0H = /U-f&,mdv, 0*H = 5/(&31 +2U - @p2) AV

« OH # const. 6°H # const.

* Complicated calculation would be required for U2




Steady Euler flows

G.K. Vallis, . F. Carnevale and W. B. Young Kinematically accessible variation
(= preservation of circulation)

1
@ W .= Eﬁijkwk(ﬂj,t)dﬂﬁi N dCEJ

r—Ir = w=0u,

1

/ Eeijkwk(w,t)dxi A da:j
1

Iso-vortical sheets £
(Wr = wr + 5007")

Theorem (Kelvin, Arnold '66) A steady Euler flow is a
coditional extremum of energy H on an iso-vortical sheet
(= w.r.t. Kinematically accessible variations).



Variational principle for stationary vortical region

¢ Volume preserving displacement of fluid particles:
x—x+6(x);, V-0£=0
Yt Iso-vorticity: w(x) — w(z) + dw(x); dw =V X (€ X w)

[g{w—kdw}-ndAz[gw-ndA (S: material surface)

Then. using A dw=-V-(hIE+ A x (6¢ x w)),
5H:p/u-5udV:p/A-5de

:—p/{h6£—|—A Xw)t-ndA=0

(u=VxA)



First and second variations

The first variation

Given 55, which satisfies £ P = projection operaior )

%5£:Vx(Ux5§)—|—5u; u ;=P xw), (P: V-éu=0)

Then 0w =V xdéu =V x (6 X w) IS a solution of

%&u:Vx(Uxéw)—l—Vx(éuxw)

The second variation

Further, given 07, which satisfies

%M:Vx(Uxén)—l—P(énxw)—l—Vx(5£><5u)—73(6£><5u)

1
Then 52, = 5 [V x (6€ X dw) — V x (dn x w)] is a solution of

%52w=VX(UX52w)+2VX(5UX5w)+VX(UX52w)




Wave energy in terms of iso-vortical disturbance

u=U+ du -+ 6°u

1 1
Excess energy AH: = §/u2dV— §/U2dV

:}/ﬁ—l—52H;

0H = /U -0udV =0 by Arnold’s theorem

52H:%/(5u-5u—|—2U052u)dV

d

Itis proved that —62H =0 C——> | 0°H is the wave-energy

dt
and that ¢n does not contributeto  §°H

—> §%u =~ P (0¢ x dw) ; 8¢, Sw are linear disturbances!!




Energy formula

Euler equations

ou

Frie

B(u,u);

Kinetic energy

60°H =

=

(B(U,3€), B(U, 6€)) + -

B(v,w) = Plw x (V X v)]

1
0°H = =
2

00&
<W X 0&, 2

)

U, €], B(U, 6€))




Energy of Kelvin waves

)

Lagrangian dispalcement ¢ = Re [coé(r;wo,m, ko)ei(m9+ko—wot)] .

c(m) — o™ {@w—m—QJ r) — (wo — mM)NmJ, fr}
&r \/4 wo_ 2 7a( 0 ) m(nm ) ( 0 )nm m+1(77m ) 3
2(m) _ wop — M m
——(wog—m —2)J(0n7) — 20 JIm mT) ¢
0 \/4 (@0 —m { 7,(0 ) I () U +1(n )}
M) = _iko/4 — (wo — m)2Jm (), where 7, := ko\/4/(wo —m)2 — 1.
The wave energy per unit length in z is Fo = wopto;
2wo—m e
po = 2m|Col / [€]"dr
(‘9D
= 7|Co]? == k
7 |Col 8w0(w0’m );

D(w()? m, k) = (wO - m) Jm(nm) [(WO - m)nme—l(nm) - m(wo —m + Q)Jm<77m)]

o = Eo/wo : wave action, D =0: dispersion relation




Energy of Kelvin waves

Helical wave (m=1)

Buldge wave (m=0)

0 5 10 15

20

15+t 115

52H110- 110

LT}

S5t 15

1

(el ol

ES™ = 27w |Co|?

1
wo —m / £2dr
2 0

The sign of wave action o = Eo/wo

IS essential !



Derivation of Energy formula

Let Z(r, 2y m, ky), 2 € C, be the Laplace transform of Cgrfr(r; Wy, M, kg )e ol

Laplace transform

Eﬁjﬂ::/ (Coré(riwo)e ™ ®dt, Tm(Q) > 0
S0
iCy

RETRED

ts inverse transform is represented by

Corép(riwg)e ™0t = —— { =(r, Q)e " 2dQ),
[Mwa)

27 i
dispersion relatlon
)=(r, Q)dr,
n would be obtained by the residue of T 1Col?
D(Q) = 2xL -D(;m, k)
(€2 — wyp)?
ACIIOI'I 2p9 = G D(2)dS2.
2T fP(w;)
/’LO — EO/WO 2.“*{] - :
2T
, [t . 0E : aD
2 ZZrL(__TE u:. d :‘j?— ."'} T,
Ho mL|Chy| [ ?fa j"ﬂ o )r&pdr ._.lL|'C[]| C]ﬂ( oo 1L, IIL}




Drift current

Take the average over along time B % =U + §%u + O(c?)

%:%P(éfx [V x (6 x w)] — dn x w)

. r (r<1)
For the Rankine vortex U =Vyeg: V=
1/r (r>1),
Substitute the Kelvin wave 5€ = Re [éei(m(?—k—i—koz—wot)}

iko(0, E5&r — §5E2, §5&p — E5r) (r < 1)
0 (r>1).

27 1 o o
I = /52usz :/ d@/ dr (g;’:g@ —gggr)
0 0
e There is no contribution from n
e For 2D wave, I,=0 genuinly 3D effect !

P(6E X [V X (0€ X w)] ={




Drift current caused by Kelvin waves

Displacement vector of m wave ¢ =Re [Ooé(r;wo,m, ko)ei<m0+koz—wot>] ;

- wo —m m
fom = { (= 1= 20T () = et = )T )
\/4 UJO — r
m wWo —m m
é ) & 2{__(("}0 _m_2)<]m(77mr) —277me+1(an)},
\/4 wo - r
é§m> — 1k0\/4 (wo — m)2 T (M), where 7, := ko \/4/(w0 —m)? — 1.

Flow-flux, of m wave, Iin the axial direction

I (ko wo) = / 02u,dA

—1CoP 2 KTz (1 () + 2 G2 ()
0 nm Wo — M m m\Im mdm\!'Im)dm\'Im

O = )72 ()] = o+ 208)72 ) |




Axial flow-flux of
buldge wave (m=0), elliptic wave (m=2)

1 5 "_."’ 5

10

For the principal mode,
Dispersion |\ 1'3-:‘:{{:":}}} ko = 1O 4 12 =
Ieiation AT . 1.242, -1.242

« 3.370, -0.2443
« 7.058, -0.09046
Yoo TR  8.882, -0.06828
e 12.521, -0.04564

m=0 (dashed lines) and m=2 (solid lines)
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o
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For the principal mode (=stationary)
ko =

e 2.505
« 4.349

ICD 410 =0



Pseudomomentum

. €2 . o U = P[E x 1—”-:?-]~
w(x,t) = uelx) + ew(x, t) + —ulx,t) + Ofe), )
2 n = P[£ X (V x (€ xw,))—1n % wi_.].
P . projection operator that maps any vector field into solenoidal one.

Let v be an arbitrary vector field.

Note that, if v satisfies Plv x w,| = 0 (namely, if L,w, = 0), this expression reduces to

[ w-vdr = / u, - vdr + % / w, - (& x L&)d%x + O(€%), (101)
Jv Jv

Jv

and 7 is not required for this computation. L= (v-V)E—(¢£- Vv
For a Kelvin wave, ¢=Re [C’oé(r;wo,m, kg)ei(me+k°z_w°t)} on w, = (0,0,2)
we may choose v =e, =(0,0,1)

I:_"::/u Ed*r—/w € x 0.&)d
. Jv

_ 3. E_ » 2

P, —lﬁu.ercf T = EP: + O(e%), o] []| lk/ w, - (KS ﬂh

= kuo.  pSeudomomentum




Lagrangian description of wave mean-
flow Interaction Andrews & Mcintyre ‘78

T : mean position
L E(x,t) ;= x4+ &(x,t) :  displaced position

Assume E(x,t) =0

Lagrangian mean operator
o(@ ) = gf(@,0);  oo(,t) = o (@ + &(x, 1), 1)

ot

(gt +v- v) o = (Dy/Dt)¢




Lagrangian mean vs Eulerian mean

Lagrangian mean

(Dg/D)’ = D'¢¢  wmmlyp | (Dp/Dt) = D'p"

(Dy/Dt)" = DX

Lagrangian disturbance field ¢! := ¢* — G~ (E = 0)

Eulerian mean
Eulerian disturbance field ¢’ :=¢ -3 (¢ =0)

(Dy/Dt) = DG+’ -V,
(Dg/Dt) = D¢’ +u' -Vo+u' -V —u' -V

Stokes correction ?°(z,t) = 7" (z,t) — p(z, t)

1
P =&+ 58i6kP ik O(a’); (¢ := dp/dxy,



Equations of Lagrangian mean field

D5+ pV-u"=0; p:=pJ, J:=det{Z;;}

DYS + Q- =0,

D" (wy — pi) = () q;
p:=F(s,p), q:= {F(EL,pé)}_l — {F(gg,pg)}_l
pi(

8

t) := —¢;ub  pseudomomentum

:> modelling that respecst topological invariants
use of variational principle:
Euler-Poincare framework

turbulent modelling: LES



Summary

Linear stability of an circular vortex subjected to Corilolis force,
confined in a cylinder, to three-dimensional disturbances is calculated.
This is a parametric resonance instability between two Kelvin waves
caused by a perturbation breaking S*"1-symmetry of the circular core.

1. Maharov (‘93) is simplified,; Disturbance field and growth rate are
written out in terms of the Bessel and modified Bessel functions.

2. Energetics: Energy of the Kelvin waves is calculated by adapting
Cairns’ formula (= black box) <«—— consistent with Krein’s theory

3. Lagrangian approach: Energy of the Kelvin waves is calculated by
restricting disturbance to kinematically accessible field
linear perturbation is sufficient to calculate energy, quadratic in amplitude!
‘ Generation of mean azimutal velocity 52u9

4. Axial current: For the Rankine vortex, 2 nd-order drift current 0%u
Includes not only azimuthal but also axial component §2,,
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